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Abst rac t - -We establish an explicit connection between solutions of the scalar conservation law 
and infinite hyperbolic systems of linear partial differential equations. As an immediate corollary 
of this connection combined with the well-known local existence theorem for the scalar conservation 
law, we obtain the corresponding local existence of smooth solutions for infinite linear systems. This 
approach also allows a way to seek numerical solutions of scalar conservation laws via solutions of 
truncated finite linear systems of FDE's. 
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We are concerned with the following quasilinear equations: 
vt+gl(v)vxl +g2(v)vx2+...+gn(V)Vx~=O, v :RnxR~-*R  1 (1) 
with the initial condition 
v(x,0) = ~0(x), • e R ~. (2) 
Our aim is to find a linear system of partial differential equations whose solution has a functional 
dependence on the solution to (1). So, we seek a linear system in the following form: 
OUi OUi OUi Olti +._____~l , OUi-{- 1 
+a01~x 1 +' - -+a0n0x-- -  ~+an OXl +" '+a ln~Oxn +""  
Ou~+k Ou~+____ A (3) 
+ akl--~-xl + "" + akn Oxn - -0,  i> l ,  
with 
ui = f~(v) (4) 
and a fixed k, 0 < k < o~. Inserting (4) in (3), we obtain 
n n 
S;v~ + S: [: aojv~ +.  + s:+~ Z akjv~ = 0, i > 1, (5) 
d=l d=l 
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n / ] ;+k 
! = o, i > 1. (6) ut+ EVxj kaOj+O'lj'~. ~-'''+akj'~i ]
j=l #i 
Comparing (6) with (1), we derive the equality 
gj(v) =ao j+~UTj i  +""  +akj f ,  , l _< j<_n ,  i_> 1. (7) 
We repeat he above reasonings for i = i + 1 and obtain 
I 
g j (v )  = aoj q- f~+2 +. . .  + akj  fi+k+l 
aljf/---~+l f~+l ' 1 ~ j _~ n, i _> 1. (S) 
Hence, we conclude that (7) and (8) hold if there exists a function F(v) such that 
] '+ , (v )  _ F (v ) , . .  _ i > 1. (9) 
" '  f~(v )  - 
From (9), we see that f~ = f~F ~-1. We denote f{ = h and recall (4). Consequently, we come to 
the following main theorem. 
THEOREM. Let there exist a continuous function F : R 1 H R 1 such that 
gj(v) = aoj + al jF(v) + . . .  + akjFk(v), 1 < j < n, (10) 
and v be a solution to (1) with the initial condition vo. Then the solution to the infinite linear 
system (3) can be expressed by the following equation: 
f 
v(x , t )  
ui(x,t) = ai + h(s)Fi- l (s)  ds, i > 1. (11) 
Jo 
The initial condition takes the form 
f 
. o (~)  
ui(x, O) = ai + h(s)F i - l (s) ds, i > 1, (12) 
do 
wherea iER 1, h:  R I~R 1. 
REMARK 1. Since the constants ai and the function h are up to our choice, we obtain infinitely 
many solutions of the system (3) which correspond to a solution of the problem (1),(2) via (11). 
Moreover, we can obtain many linear systems of the type (3) which correspond to the equation (1) 
if we change aij, 1 <_ i , j  < n and F(v) such that the right-hand side of (10) remains the same. 
EXAMPLE 1. We consider Hopf's equation 
vt + vvz = O, v(x, O) = vo(x). (13) 
In this case, F(v) = v and the solution to the linear system 
Oui Oui+l 
~-  + a----~ - 0, i _> 1, (14) 
takes the form 
f 
~(~, t )  
ui(x, t) = ai + h(s)s ~-1 ds, 
Jo 
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with arbitrary ai and h. If we choose ai = 0, h = 1 then we obtain the following simple 
correspondence b tween solutions of (13) and (14): 
t) = t). 
EXAMPLE 2. (see [1]). If we put the initial data of (14) as ui(x,O) = (1/i)e iv°(x), then the 
functions ui(x, t) = (1/ i)e iÈ(x't), i _> 1 satisfy (14) if v is a solution of the equation 
vt + eVvx=0, v(z,O) = co(x). (15) 
This case corresponds to F(v)  = e v, h(s) = e 8, ai = 1/i. 
Since the solutions of (13),(15) usually have a blow-up in a finite time even for smooth initial 
data, the solution to the linear hyperbolic system (14) possesses the same property. 
Let us now turn into the solvability of the equations. For the problem (1),(2) we obtain by the 
standard characteristics method the expression 
v=vo(x l  -g l (v ) t , . . . , x~ -g~(v) t ) .  
This gives us a solution if the function 
~(v,  x l , . . .  ,Xn,t)  = v - co(x1 - g l (v)t , .  .. ,xn - gn(v)t) 
satisfies 
n ~V 0 
~v(v,  x l , . . .  ,xn , t )  = 1 + t Eg~(v)-~-j:~. ¢ O. 
j= l  v~ 3 
This condition holds for sufficiently small t. Thus, we obtain the local existence of classical 
solution to (1), (2). For more precise statements and proof of the local existence of smooth solution 
and its continuation for the scalar conservation law see [2,3], in particular, [4, Section 3.1]. Now 
combining this well-known existence theorem of the classical solution to (1),(2) with Theorem 1, 
we come to the following conclusion on the solvability of the infinite system (3). 
COROLLARY 1. Let there exist ai, h, F, vo such that (12) holds. Assume 
V 0 • c l (Rn) ,  with [vo]Lo¢ q-[VV0[LO¢ < oo. 
Then there exists a local classical solution to the infinite linear system (3) with the initiM condi- 
tions (12). Moreover, i f  we assume 
> 0, Vx E R n, Ovo 
j : l  
then the system (3) has a global smooth solution with the initial conditions (12). 
COROLLARY 2. Let (10) hold and the continuous function h have a distinguished sign, i.e., 
h(s) ¢ 0 for all s • R 1, (16) 
and the infinite linear system (3),(12) has a smooth solution in a t ime interval t E [0, T], T < oo. 
Then the initial value problem (1),(2) has at least one smooth solution on 0 < t < T. 
PROOF. We take { = 1 and obtain from (11) 
Ul (X , t ) - -~ l  + h(s) ds=O.  (17) 
Utilizing the implicit function theorem and (16) concludes the proof. | 
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REMARK 2. If the sequence of solutions of finite hyperbolic systems which approximate the 
infinite system (3), converges to the solution of (3), then via (17) we can easily obtain the 
sequence of functions which approximate the solution of (1),(2). This remark can be used in 
numerical analysis of the scalar conservation law (1). 
EXAMPLE 3. Let us consider the quasilinear equation 
vt + vv::~ - vv~ = O, vo(z) = -x l  + z2. (18) 
In accordance with the theorem, the associated linear system takes the following form: 
OUi OUi+l OUi+l 1 
0---( + or----7 oz2 o, u~(z,0) = o (x2-z l ) t  (19) 
We seek a solution to (19) by constructing a sequence {u(g)}°~=l of approximate solutions of 
truncated systems: 
Oul Ou2 Ou2 0_~ Ou3 Ou3 OUN 
o--Y + o~--~ o~---~ - o, vo + oT~ o~--; - o, . . .  ot 
with the initial data 
= 0, (20) 
1 
udx,  O) = ~.(x2 - xl) ~. (21) 
The above initial data are obtained from (12) provided ai = 0, h ~ 1. The solution to the finite 
system (20),(21)is 
1 ~i  2JtJ(i + j__ 1)l] 
?~}N) = (X 2 _ Xl)i -4- @ • 
j= l  
Passing to the limit N --* c~, we obtain, for i = 1, 
X2 Xl 
1 - 2t 
j=0  
EXAMPLE 4.  We take  the quasilinear equation 
vt + v2vzl + vvz2 + vvza = O, vo(x) = 1 - x l  - x2 + x3. 
In accordance with (10) F(v) = v, we choose cri = 0, h -- 1 and come to the linear system 
OUi OUi-4-1 OUi+ l OUi-{-2 
o---( + --g~x 2 + --g-~ 3 + OX l -o ,  i>1 ,  
(22) 
(23) 
with the initial data 
ui(x, 0) = _1 (1 - xl - x2 + x3) i, i > 1. (24) 
i 
After truncation of (23), we have N equations and obtain the solutions of the truncated system 
u~g) (1 -- 2~ 1 -- X 2 -~ X3) i (N-i)~2 t J ( i+2 j  : 1)! , (1 
= i + E j!( i  + j)! - x l  - z2 + x3) i+j. (25) 
j= l  
Here, we have chosen N so that N - i is an even number. We pass to limit N -+ oc in (25) and 
obtain the first component of the solution to (23),(24): 
~-'°° (2j)! (1 - xl - x2 + x3)J+lt j. Ul (X , t )  
,---, j ! ( j  + 1)! 
j=0  
Consequently, the solution of (22) remains mooth at least till the moment 
1 
t= 
2(1 - Xl - x2 + x3)' 
depending on the space variables xl, x2 and x3. We should point out that this result can also be 
obtained using the charateristic method. 
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